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Three-Dimensional Thermomechanical Buckling
of Functionally Graded Materials
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Three-dimensional thermomechanical buckling analysis is discussed for functionally graded materials. Material
properties are varied continuously in the thickness direction according to a simple power-law distribution. The
three-dimensional finite element model is adopted using an 18-node solid element and the assumed-strain mixed
formulation is used to prevent locking as well as to maintain kinematic stability for thin structures. The thermal
buckling behavior under time-dependent temperature rise is compared with that under time-independent tem-
perature rise. In time-dependent temperature distribution, temperature at each node is obtained by solving the
thermomechanical equations and the Crank–Nicolson method is used for a time discretization. In the case of
time-independent temperature distribution, thermal buckling is investigated under uniform, linear, and sinusoidal
temperature rise. Numerical results are compared with those of previous works. In addition, the changes of critical
buckling temperature due to temperature field, volume fraction distributions, and system geometric parameters
are studied.

Nomenclature
a = length of plate
b = width of plate
E = assumed strain vector
E0 = initial strain vector
Ē = displacement-dependent strain vector
h = thickness of plate
n = volume fraction index
P = assumed strain polynomial matrix
q = nodal displacement vector
S = second Piola–Kirchhoff stress vector
T = temperature field
t = time
u, v, w = displacements in x , y, and z directions, respectively
Vm, Vc = volume fraction of metal and ceramic
α = thermal expansion coefficient
β = assumed strain parameter vector

I. Introduction

F UNCTIONALLY graded materials (FGMs) are composites that
have spatially varying composition designed to take advantage

of the attractive features of each of their constituents. Generally
a ceramic and a metal constitute an FGM. From the continuous
change in composition of these materials, FGMs can withstand
high-temperature environments while maintaining their structural
integrity. Because of these advantages, FGMs have been researched
and applied in many engineering parts.

Markworth et al.1 described the modeling studies relative to
FGMs. They included two aspects of the modeling procedure: mod-
els for microstructure-dependent thermophysical properties, and
models for the design, processing, and performance of FGMs.
Ravichandran2 presented a one-dimensional calculation of thermal
stresses arising from the fabrication of an FGM system. The resid-
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ual stresses were found to increase when fully ceramic and/or fully
metal regions were included in the structure, adjoining the graded
zone. Fuchiyama and Noda3 developed computer programs that an-
alyzed the transient heat transfer and the transient thermal stress
of an FGM plate, composed of ZrO2 and Ti–6Al–4V, by the fi-
nite element method. Reddy and Cheng4 studied three-dimensional
thermomechanical deformations of a simply supported Monel®–
zirconia functionally graded rectangular plate by using an asymp-
totic method. The locally effective material properties were esti-
mated by the Mori–Tanaka scheme. Cheng and Batra5 obtained a
new solution in closed form for the thermomechanical deformations
of an isotropic linear thermoelastic functionally graded elliptic plate
rigidly clamped at the edges. The through-thickness variation of the
volume fraction of the ceramic phase in a metal–ceramic plate was
assumed to be given by a power-law-type function. The effective
material properties at a point were computed by the Mori–Tanaka
scheme. Vel and Batra6 presented an analytical solution for three-
dimensional thermomechanical deformations of a simply supported
FGM plate subjected to time-dependent thermal loads on its top or
bottom surfaces. The temperature, displacements, and stresses at
critical locations for transient thermal loads were investigated. Cho
and Oden7 analyzed thermal-stress characteristics of FGM beams
using the Crank–Nicolson–Galerkin scheme. The effects of the ma-
terial variation through the thickness and the size of the FGM layer
inserted between ceramic (Al2O3) and metal (Ni) layers were stud-
ied using the finite element method. Feldman and Aboudi8 studied
the elastic bifurcational buckling of an Al–SiC FGM plate under in-
plane compressive loading. To analyze the problem, a method based
on a combination of micromechanical and structural approaches
was employed. Javaheri and Eslami9 derived the equilibrium and
stability equations of a functionally graded rectangular plate under
thermal loads, based on the classical plate theory. Buckling anal-
ysis of FGM plates under four types of thermal loads was carried
out in closed-form solutions. Najafizadeh and Eslami10 discussed
the thermal buckling of an FGM circular plate. The nonlinear equi-
librium and linear stability equations were derived using variational
formulations. The critical temperatures were derived for simply sup-
ported and clamped edges. Yang and Shen11 presented the nonlin-
ear bending analysis of shear deformable FGM plates subjected to
thermomechanical loads and under various boundary conditions.
Theoretical formulations were based on Reddy’s higher order shear
deformation plate theory and included the thermal effects due to
temperature rise. A seminumerical approach was employed to cal-
culate the nonlinear bending of the plates. Lanhe12 derived the equi-
librium and stability equations of a thick FGM plate under thermal
loads based on the first-order shear deformation theory. The critical

1605



1606 NA AND KIM

Fig. 1 Geometry of a function-
ally graded rectangular plate.

temperatures under uniform and gradient temperature rise through
the thickness direction were obtained. Na and Kim13 studied the
three-dimensional thermal buckling analysis of FGM plates using
the finite element method. In this, an 18-node solid element and the
assumed-strain mixed formulation were applied. The thermal buck-
ling behavior under uniform or nonuniform temperature rise was
analyzed; however, the time-dependent temperature rise was not
considered.

In this work, we investigate the thermal buckling analysis of
FGMs using the finite element method. For more accurate mod-
eling of material properties and temperature field in the thickness
direction, a three-dimensional solid element is used. Furthermore,
an assumed-strain mixed formulation is adopted to prevent lock-
ing as well as to maintain kinematic stability for thin structures.
Material properties are varied continuously in the thickness di-
rection according to a simple power-law distribution. The thermal
buckling behavior under time-dependent temperature rise is com-
pared with that under time-independent temperature rise. In time-
dependent temperature distribution, temperature at each node is ob-
tained by solving the thermomechanical equations and, for a time
discretization, the Crank–Nicolson method is used. In the case of
time-independent temperature distribution, the temperature field is
assumed uniform, linear, and sinusoidal through the thickness di-
rection. To check the validity of the numerical results, the critical
temperatures of isotropic plates and the temperature field of an FGM
composite beam are compared with those of previous works. In ad-
dition, the thermal buckling behavior of FGMs due to temperature
field, volume fraction distributions, and system geometric parame-
ters are investigated.

II. Modeling of FGMs
A ceramic–metal FGM rectangular plate is represented in Fig. 1.

Material properties are assumed to be varied in the z direction only,
and the dark and bright regions correspond to metal and ceramic
particles, respectively. On the top surface (z = h), the plate is com-
posed entirely of ceramic and is graded to the bottom surface (z = 0),
which is composed entirely of metal. The volume fractions of metal,
Vm , and ceramic, Vc, are expressed as follows by applying a simple
power-law distribution:

Vm(z) = (1 − z/h)n, Vc(z) = 1 − Vm(z) (1)

where volume fraction index n indicates the material variation pro-
file through the thickness direction and is a nonnegative real number.

According to the linear rule of mixtures, the effective material
properties Peff can be obtained as follows:

Peff(z) = Pm Vm(z) + PcVc(z) = Pc + (Pm − Pc)(1 − z/h)n (2)

where Pm and Pc are material properties of the metal and ceramic,
respectively.

III. Finite Element Discretization
A three-dimensional finite element model for thin and thick FGM

plates is developed. An 18-node solid element is selected to more
accurately analyze the variation of material properties and tempera-
ture field in the thickness direction of the structure. In addition, the
assumed-strain mixed formulation is adopted to prevent locking as
well as to maintain kinematic stability for thin plates.13,14

A. Thermomechanical Equations
In the case of FGM plates under time-dependent temperature

distribution, the temperature at each node is obtained by solving
the thermomechanical equations and, for a time discretization, the
Crank–Nicolson method is used.

The general heat conduction equation can be expressed as7

ρc
∂T

∂t
− ∇ · (k∇T ) = ∂q

∂t
(3)

where ρ, c, k, and q indicate the density, specific heat, thermal
conductivity, and internal heat source, respectively.

The Dirichlet boundary condition is defined as

T (x, y) = TS|S = S1 (4)

where x and y denote the position on the surface S1, and Ts is an
initially specified temperature field. The Neumann boundary con-
ditions are defined as

k∇T · n = qB |S = S2 , k∇T · n = h(T − Tc)|S = S3 (5)

where S2 and S3 denote the surfaces acted on by the external con-
vective and radiative fluxes, respectively. The temperature field T
in Eq. (3) can be expressed in terms of element nodal temperatures
Te as follows:

T = NTe, Ṫ = NṪe (6)

where N indicates the shape function matrix. The following equation
is obtained by multiplying Eq. (3) by NT and integrating analytically
in element levels:

∑

e

∫
NT

[
ρc

∂T

∂t
− ∇ · (k∇T )

]
dVe =

∑

e

∫
NT ∂q

∂t
dVe (7)

where the notation
∑

with subscript e stands for summation over
elements and the variables with subscript e indicate the elemental
quantities. By applying Green’s theorem, Eq. (7) can be expressed
as
∑

e

[∫
NT ρc

∂T

∂t
dVe +

∫
∇NT · (k∇T ) dVe +

∫

S3

h(T − Tc) dSe

]

=
∑

e

[∫
NT ∂q

∂t
dVe +

∫

S2

NT qB dSe

]
(8)

Substituting Eq. (6) into Eq. (8), the following equation is
obtained15:

∑

e

CT eṪe + KT eTe =
∑

e

Re (9)

where

CT e =
∫

NT ρcN dVe

KT e =
∫ (

NT
,x kx N,x + NT

,ykyN,y + NT
,zkzN,z

)
dVe +

∫

Sqc

NT hN dSe

Re =
∫

NT q̇ dVe +
∫

S2

NT qB dSe +
∫

S3

NT hTc dSe (10)

After assembling over all elements, Eq. (9 becomes

CT Ṫ + KT T = R (11)

For a time discretization, the Crank–Nicolson method is
applied.7,15 Two temperature states, separated by time increment
�t , are denoted by Tn + 1, Tn and they have the following relation:

Tn + 1 = Tn + [(1 − β)Ṫn + βṪn + 1]�t (12)

where 0.5 is selected for a value of factor β.15



NA AND KIM 1607

By writing Eq. (11) for times t and t + �t , and by multiplying
the first equation by (1 − β) and the second by β, the following
equations are obtained:

(1 − β)(CT Ṫn + KT Tn) = (1 − β)Rn

β(CT Ṫn + 1 + KT Tn + 1) = βRn + 1 (13)

One can obtain the following equation by adding Eqs. (13) and using
Eq. (12) to eliminate time derivatives of temperature:

[(1/�t)CT + βKT ]Tn + 1 = [(1/�t)CT − (1 − β)KT ]Tn

+ (1 − β)Rn + βRn + 1 (14)

From a known T0 at t = 0 and from Eq. (14), the temperature field
at each node can be obtained in each time step.

B. Assumed-Strain Mixed Formulation
To develop an assumed-strain mixed formulation, we consider a

three-dimensional solid body in equilibrium13,14:
∫

δĒT S dV − δW = 0 (15)

where δĒT , δW, and V indicate the virtual strain vector, external
virtual work, and the volume of the undeformed configuration. In-
troducing an independent assumed strain vector E and an initial
strain vector E0 in addition to the displacement-dependent strain
vector Ē, the compatibility condition is expressed as

∫
δST (Ē − E − E0) dV = 0 (16)

In a thermal environment, the initial strain vector can be expressed
as

E0 = [αx�T αy�T αz�T 0 0 0]T (17)

where α are coefficients of thermal expansion in the principal ma-
terial directions and �T is the temperature rise. The independent
stress vector S is related to the independent strain vector E through
the following equations:

S = CE (18)

where

S = [Sxx Syy Szz Sxy Syz Szx ]T

E = [Exx Eyy Ezz Exy Eyz Ezx ]T (19)

and C is the 6 × 6 elastic matrix of material stiffnesses, defined in
the local coordinate system. Using Eq. (18), the equilibrium and the
compatibility condition can be expressed as

∫
δĒT CE dV − δW = 0 (20)

∫
δET C(Ē − E − E0) dV = 0 (21)

The displacement-dependent strain vector Ē and the assumed strain
vector E can be expressed as

Ē = Bq (22)

E = Pβ (23)

where matrix B relates the strain to the nodal displacement vec-
tor q, P is the assumed strain polynomial matrix, and β is the as-
sumed strain parameter vector. The assumed strain field is given in
Appendix A.14 Substituting Eqs. (22) and (23) into Eqs. (20) and

(21) and by integrating analytically in element levels, one can obtain
the following equations:

∑

e

δqT
e

(
GTβ − Qa

) = 0 (24)

∑

e

δβT (Gqe − Hβ − G0) = 0 (25)

where

G =
∫

PT CB dVe, H =
∫

PT CP dVe

G0 =
∫

PT CE0 dVe (26)

and the external load vector Qa is defined as

δWe = δqT
e Qa (27)

From Eq. (25), the following equation can be obtained:

β = H−1Gqe − H−1G0 (28)

which is the discretized compatibility condition at an element level.
Substituting Eq. (28) into Eq. (24),

∑

e

δqT
e (Keqe − Qe) = 0 (29)

where

Ke = GT H−1G, Qe = GT H−1G0 + Qa (30)

After assembling over all elements, Eq. (29) becomes

δqT (Kq − Q) = 0 (31)

where K is the global tangent stiffness matrix and Q is the global
nodal load vector. From Eq. (31),

Kq = Q (32)

which can be solved for global nodal displacement vector q.

C. Thermal Buckling Analysis
The critical temperature is obtained by solving the following stan-

dard eigenvalue problem:

(K + λKb)qD = 0 (33)

where λ and qD are the eigenvalue and the associated mode shape,
respectively. In addition, Kb is the stress stiffness matrix, which is
obtained by assembling the element geometry matrix Kb

e (Ref. 15):

Kb
e =

∫
GT

b SbGb dVe (34)

where

Sb =




S0 0 0

0 S0 0

0 0 S0



 , S0 =




Sxx0 Sxy0 Szx0

Sxy0 Syy0 Syz0

Szx0 Syz0 Szz0





[Sxx0 Syy0 Szz0 Sxy0 Syz0 Szx0]T = −CPβ (35)

and matrix Gb is defined as

[u,x u,y u,z v,x v,y v,z w,x w,y w,z]
T = Gbqe (36)

By solving Eq. (33), the critical temperature Tcr is obtained as
follows:

Tcr = Tref + �Tcr = Tref + λcr�T (37)

where �Tcr and λcr are the critical temperature gradient and the
smallest eigenvalue, respectively.
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IV. Numerical Results and Discussion
To verify the present study, the critical temperatures under uni-

form and linear temperature rise are compared with the previous
works for the case of a clamped isotropic square plate. Further-
more, to verify the thermomechanical results, the temperature field
of an FGM composite beam is compared with the previous data.
Then we analyze the thermal buckling behavior of clamped square
Al2O3–Ni FGM plates under time-independent or time-dependent
temperature rise across the thickness direction.

A. Isotropic Plates
To demonstrate the present results, the critical temperatures of a

clamped isotropic square plate under uniform and linear temperature
rise in the x direction are investigated.

The temperature field under uniform temperature rise is expressed
as

�T = T0, T = Tref + �T = Tref + T0 (38)

where T0 indicates the temperature change. The temperature field
under linear temperature rise in the x direction is expressed as

�T (x) = T1(x/a), T (x) = Tref + �T (x) = Tref + T1(x/a)

(39)

where T1 denotes the temperature gradient.
The critical temperature changes of each work, T0 cr and T1 cr, are

presented in Table 1. It shows that the present data compare well
with analytic results16 and FEM results using semiloof elements.17

B. FGM Composite Beams
To demonstrate the thermomechanical results, we analyze the

thermal behavior of a symmetric two-dimensional functionally
graded composite beam, composed of ceramic (Al2O3)–FGM–
metal (Ni).7 In the FGM layer, material properties are assumed to be
varied continuously in the thickness direction only and properties
for Al2O3 and Ni are listed in Table 2. At the bottom surface of the
beam, a room temperature Tref of 290 K is maintained, while on the
top surface a heating temperature f (t) is applied as follows:

0 ≤ t ≤ 3, f (t) = Tref + T3(t/3)

t ≥ 3, f (t) = Tref + T3 (40)

In this study, 1000 K is used for T3, and the thickness ratios of
ceramic, FGM, and metal layers are 0.4, 0.2, and 0.4, respectively.7

Figure 2 represents the temperature–time histories at the interface
between ceramic and FGM layers for an FGM composite beam.

Table 1 Critical temperature change of a clamped isotropic square
plate under uniform or linear temperature distributiona

Source

Temperature rise Analytic16 FEM17 Present

Uniform 168.71 167.70 167.73
Linearly varying in x direction 337.42 332.50 330.27

aa/h = 100, v = 0.3, α = 2 × 10−6.

Table 2 Material properties of Al2O3 and Ni (Ref. 7)

Constituents

Property Al2O3 Ni

Young’s modulus, GPa 393.0 199.5
Poisson’s ratio 0.25 0.30
Density, kg/m3 3970 8900
Specific heat, J/kg · K 775 444
Thermal conductivity, W/m · K 30.1 90.7
Thermal expansion coefficient, ◦C × 10−6 8.8 13.3

Table 3 Critical temperature change with respect
to volume fraction index and geometric parameters

under uniform temperature rise

a/h (a/b = 1)

n 20 50 100

0.3 671.52 112.15 28.21
1 729.67 121.53 30.56
5 818.27 135.93 34.17

Fig. 2 Temperature–time histories at the ceramic–FGM layer inter-
face of an FGM composite beam (a/b = 1, a/h = 10, n = 0.3).

The time increment �t of 0.1 was used in previous work.7 This
figure shows that the present results compare very well with those of
previous work. It also shows that, when �t ≤ 0.1 s, the temperature–
time responses are much the same.

C. FGM Plates
In this section, we analyze the thermal buckling of clamped

square Al2O3–Ni FGM plates under time-independent or time-
dependent temperature rise through the thickness direction. The
thermal buckling behavior under time-dependent temperature rise
is compared with that under time-independent temperature rise. In
time-independent temperature distribution, thermal buckling under
uniform, linear, and sinusoidal temperature rise are investigated.
The temperature fields under time-independent temperature rise are
given in Appendix B. Material properties are varied continuously
in the thickness direction only and the reference temperature Tref is
assumed to be 290 K.

1. Time-Independent Temperature Rise
a. Uniform temperature rise. Table 3 represents the critical tem-

perature change with respect to volume fraction index and a/h under
uniform temperature rise. This shows that the critical temperature
change increases as volume fraction index n is increased. This is
because, for FGMs, as the volume fraction index is increased, the
contained quantity of ceramic increases. However, when the geo-
metric parameter a/h is increased, the critical temperature change
decreases. It shows that, with increasing plate thickness, the critical
temperature change becomes higher.

Figure 3 describes the variation of critical temperature change
with a/h and volume fraction index under uniform temperature rise.
The isotropic Al2O3 and Ni cases correspond to all-ceramic plates
and all-metal plates, respectively, whereas the other cases, n = 0.3,
1, and 5, are for the FGM plates with two constituent materials.
The critical temperature change of FGM plates is higher than that
of the all-metal plates but lower than that of the all-ceramic plates.
In addition, the critical temperature change increases as volume
fraction index n is increased. However, in all material cases, the
critical temperature change decreases rapidly when the geometric
parameter a/h is increased.

b. Linear temperature rise. The critical temperature gradi-
ent with respect to volume fraction index and a/h under linear
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Table 4 Critical temperature gradient with respect
to volume fraction index and geometric parameters

under linear temperature rise

a/h (a/h = 1)

n 20 50 100

0.3 1301.62 217.17 54.63
1 1418.25 235.89 59.31
5 1622.81 269.36 67.70

Table 5 Critical temperature gradient with respect
to volume fraction index and geometric parameters

under sinusoidal temperature rise

a/h (a/h = 1)

n 20 50 100

0.3 1763.04 294.42 74.07
1 1931.68 321.50 80.84
5 2229.33 370.38 93.11

Fig. 3 Variation of critical temperature change with a/h under uni-
form temperature rise.

Fig. 4 Variation of critical temperature gradient with a/h under linear
temperature rise.

temperature rise is presented in Table 4. The critical temperature
gradient increases as volume fraction index n is increased or a/h is
decreased.

Figure 4 describes the variation of critical temperature gradient
with a/h and volume fraction index under linear temperature rise.
The critical temperature gradient of FGM plates is higher than that
of the all-metal plates but lower than that of the all-ceramic plates.
Furthermore, the critical temperature gradient increases as volume
fraction index n is increased. However, it decreases when the geo-
metric parameter a/h is increased. These responses are very similar
to those under uniform temperature rise, but the critical tempera-
ture gradient under linear temperature rise is higher than that under
uniform temperature rise.

c. Sinusoidal temperature rise. Table 5 represents the critical
temperature gradient according to volume fraction index and a/h
under sinusoidal temperature rise. The critical temperature gradi-

Table 6 Critical temperature gradient according to the time
increment and volume fraction index when the time is 5 sa

�t , s

n 0.5 0.1 0.05 0.01

0.3 237.79 237.57 237.54 237.51
1 288.69 288.29 288.21 288.13
5 316.54 315.87 315.73 315.61

aa/b = 1, a/h = 50.

Fig. 5 Variation of critical temperature gradient with a/h under sinu-
soidal temperature rise.

ent increases as volume fraction index n is increased; however, it
decreases as the geometric parameter a/h is increased. Figure 5
describes the variation of critical temperature gradient with a/h
and volume fraction index under sinusoidal temperature rise. The
critical temperature gradient of FGM plates is higher than that of
the all-metal plates but lower than that of the all-ceramic plates.
In addition, the critical temperature gradient increases as volume
fraction index n is increased or a/h is decreased. These results are
very similar to those under uniform and linear temperature rise, but
the critical temperature gradient under sinusoidal temperature rise
is higher than that under linear temperature rise, which is higher
than that under uniform temperature rise.

2. Time-Dependent Temperature Rise
In this part, we analyze the thermomechanical buckling behavior

of clamped square Al2O3–Ni FGM plates. At the bottom surface of
the plate, a room temperature Tref of 290 K is maintained while, on
the top surface, a heating temperature of Eq. (40) is applied. The
temperature field under time-dependent temperature rise across the
thickness direction is obtained by solving Eqs. (11) and (14). In
element levels, the temperature rise �T is expressed as

�T = NTe − Tref (41)

where Te denotes the element nodal temperatures. From Eqs. (41)
and (2), Eq. (17) can be expressed as

E0 = [
αc+(αm−αc)(1−z/h)n

]
(NTe−Tref)[1 1 1 0 0 0]T

(42)

The critical temperature gradient T3 cr can be obtained by solving
Eq. (33).

To select the pertinent value of time increment, �t , the critical
temperature gradient according to the time increment and volume
fraction index is analyzed, as presented in Table 6. When the time
increment is decreased, the critical temperature gradient decreases
slowly. The differences of the critical temperature gradient become
very small when �t ≤ 0.1 s. Thus, to save computing time without
sacrificing accuracy, the time increment of 0.1 s is adopted in the
following analyses.

Figure 6 describes the thermal buckling mode shape of a clamped
square Al2O3–Ni FGM plate under time-dependent temperature rise
when the time is 3 s. The three-dimensional mode shape is shown
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Table 7 Critical temperature gradient
with respect to volume fraction index and
geometric parameters when the time is 3 s

a/h (a/b = 1)

n 20 50 100

0.3 1680.75 280.64 70.60
1 2111.27 351.54 88.40
5 2376.63 394.97 99.29

a)

b)

Fig. 6 Thermal buckling mode shape of an Al2O3–Ni FGM plate
(a/b = 1, a/h = 50, n = 0.3).

in Fig. 6a and the contour in Fig. 6b. In this case, the (1,1) mode
shape is presented and the critical temperature is 570.64 K.

The time histories of the critical temperature gradient are pre-
sented in Fig. 7. When the volume fraction index n is increased,
the critical temperature gradient increases. The critical tempera-
ture gradient decreases rapidly with increase of time when time is
than 5 s. However, the decrease of critical temperature gradient be-
comes very small and converges as time is increased when time
is longer than 5 s. This is because the heating temperature is con-
stant after 3 s. As a result, when the time is increased, the overall
temperature of the structure increases; thus, the critical temperature
decreases.

Tables 7–9 represent the critical temperature gradient with respect
to volume fraction index and a/h under time-dependent temperature
rise when the time is 3, 5, and 15 s, respectively. The critical tem-
perature gradient increases as volume fraction index n is increased;
however, it decreases as the geometric parameter a/h is increased.
Figure 8 shows the variation of critical temperature gradient with
a/h and volume fraction index under time-dependent temperature

Table 8 Critical temperature gradient
with respect to volume fraction index and
geometric parameters when the time is 5 s

a/h (a/b = 1)

n 20 50 100

0.3 1423.53 237.57 59.76
1 1732.42 288.29 72.49
5 1902.24 315.87 79.40

Table 9 Critical temperature gradient
with respect to volume fraction index and

geometric parameters when the time is 15 s

a/h (a/b = 1)

n 20 50 100

0.3 1417.91 236.63 59.53
1 1715.61 285.48 71.78
5 1872.00 310.83 78.13

Fig. 7 Time histories of the critical temperature gradient.

Fig. 8 Variation of critical temperature gradient with a/h when the
time t = 3 and 15 s.

rise when the time is 3 and 15 s. The critical temperature gradient
of FGM plates is higher than that of the all-metal plates but lower
than that of the all-ceramic plates. In addition, the critical temper-
ature gradient increases as volume fraction index n is increased or
a/h is decreased. These responses are very similar to those under
time-independent temperature rise. One can also find that the crit-
ical temperature gradient when the time is 3 s is higher than that
when the time is 15 s.

Comparing the results shows the critical temperature gradient
under time-dependent temperature rise to be higher than that un-
der linear temperature rise but lower than that under sinusoidal
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a) t = 3 s

b) t = 5 s

c) t = 15 s

Fig. 9 Temperature distributions in the thickness direction (a/h = 50).

temperature rise when the time is 5 or 15 s. However, when the
time is 3 s, the responses are different according to the volume frac-
tion index. When volume fraction index n is 0.3, the responses are
same as those when time is 5 or 15 s. However, in the case of n = 1
or 5, the critical temperature gradients are higher than those under
sinusoidal temperature rise. This trend can be investigated by com-
paring the temperature fields in Fig. 9. In this figure, T ∗ indicates
the normalized temperature. The overall temperature of the structure
becomes higher when time is increased or volume fraction index n is
decreased. This is because, as n is increased, the contained quantity
of ceramic increases. In Fig. 9a, the overall temperature of the struc-
ture under time-dependent temperature rise is the smallest when n
and time are 1 and 3 s, respectively. Thus, the critical temperature
gradient under time-dependent temperature rise is the largest in this

case. However, except for this case, the overall temperature of the
structure under time-dependent temperature rise is higher than that
under sinusoidal temperature rise but lower than that under linear
temperature rise in Fig. 9. Therefore, the critical temperature gradi-
ent under time-dependent temperature rise is higher than that under
linear temperature rise but lower than that under sinusoidal temper-
ature rise. From the result, the critical temperature gradient under
time-dependent temperature rise is between that under linear and
sinusoidal temperature rise as time is increased.

V. Conclusions
The three-dimensional thermomechanical buckling analysis of

FGMs is investigated using the finite element method. To check
the validity of the present data, the critical temperatures of isotropic
plates and the temperature field of Al2O3–Ni FGM composite beams
are compared with previous works. The present results agree well
with those of previous studies. The thermomechanical buckling be-
havior of clamped Al2O3–Ni FGM plates under time-dependent
temperature rise are compared with that under time-independent
temperature rise. In the case of time-independent temperature dis-
tribution, the temperature field is assumed to be uniform, linear, and
sinusoidal through the thickness direction. The critical temperature
gradient increases when volume fraction index is increased; how-
ever, it decreases rapidly when a/h is increased. The critical tem-
perature gradient under sinusoidal temperature rise is higher than
that under linear temperature rise, which is higher than that under
uniform temperature rise. In the case of time-dependent temperature
distribution, the critical temperature gradient decreases when time
is increased; it also decreases as volume fraction index is decreased
or a/h is increased. Comparing the results under time-dependent
temperature rise to those under time-independent temperature rise,
as time is increased, shows that the overall temperature of the struc-
ture under time-dependent temperature rise is higher than that under
sinusoidal temperature rise but lower than that under linear temper-
ature rise. Therefore, the critical temperature gradient under time-
dependent temperature rise is higher than that under linear temper-
ature rise but lower than that under sinusoidal temperature rise.

Appendix A: Assumed Strain Polynomial Matrix
The assumed strain field of an 18-node solid element is assumed

to be the 50β version follows as14:

[Exx Eyy Ezz Exy Eyz Ezx ]T = Pβ

Exx = β1 + ξβ2 + ηβ3 + ξηβ4 + ζ(β25 + ξβ26 + ηβ27 + ξηβ28)

+ ξη2(β45 + ζβ48)

Eyy = β5 + ξβ6 + ηβ7 + ξηβ8 + ζ(β29 + ξβ30 + ηβ31 + ξηβ32)

+ ξ 2η(β46 + ζβ49)

Ezz = β9 + ξβ10 + ηβ11 + ξηβ12

Exy = β13 + ξβ14 + ηβ15 + ξηβ16 + ζ(β33 + ξβ34 + ηβ35 + ξηβ36)

Eyz = β17 + ξβ18 + ηβ19 + ξηβ20 + ζ(β37 + ξβ38 + ηβ39 + ξηβ40)

+ ξ 2η(β47 + ζβ50)

Ezx = β21 + ξβ22 + ηβ23 + ξηβ24 + ζ(β41 + ξβ42 + ηβ43 + ξηβ44)

+ ξη2(β47 + ζβ50) (A1)

Appendix B: Temperature Field Under
Time-Independent Temperature Rise

The temperature field under uniform temperature rise is expressed
as Eq. (38), and from Eqs. (2) and (38), Eq. (17) can be expressed
as follows:

E0 = [α(z)T0 α(z)T0 α(z)T0 0 0 0]T

= [αc + (αm − αc)(1 − z/h)n]T0[1 1 1 0 0 0]T (B1)
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The critical temperature change T0 cr can be obtained by solving
Eq. (33).

The temperature field under linear temperature rise across the
thickness direction is assumed to be

�T (z) = T1(z/h), T (z) = Tref + �T (z) = Tref + T1(z/h)
(B2)

where T1 denotes the temperature gradient. From Eqs. (2) and (B2),
Eq. (17) can be expressed as follows:

E0 = [
αc + (αm − αc)(1 − z/h)n

]
T1(z/h)[1 1 1 0 0 0]T

(B3)

The critical temperature gradient T1 cr can be obtained by solving
Eq. (33).

The temperature field under sinusoidal temperature rise through
the thickness direction is assumed to be

�T (z) = T2{1 − cos[(π/2)(z/h)]}
T (z) = Tref + �T (z) = Tref + T2{1 − cos[(π/2)(z/h)]} (B4)

where T2 indicates the temperature gradient. From Eqs. (2) and (B4),
Eq. (17) can be expressed as follows:

E0 = [
αc + (αm − αc)(1 − z/h)n

]
T2

×{1 − cos[(π/2)(z/h)]}[1 1 1 0 0 0]T (B5)

By solving Eq. (33), the critical temperature gradient T2 cr can be
obtained.
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